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Data Analysis for Unsteady Turbulence Measurements
over Airfoils

Donald K. Johnson,* Richard M. Howard,t and Paul N. Ilacquai
Naval Postgraduate School, Monterey, California 93943

Studies of unsteady flows about pitching airfoils and flows with unsteady freestream components require a
consistent method of nonstationary data analysis for proper characterization of unsteady turbulent behavior.
A method has been developed for data analysis of flows composed of high-frequency turbulence fluctuations
superimposed upon a time-dependent low-frequency component or ensemble-averaged mean velocity with the
goal of establishing a consistent method for the presentation of results from varying tests and flow situations.
A nonstationary mean was determined by ensemble-averaging and frequency-domain low-pass filtering. Tur-
bulence intensities were calculated based on a local mean using frequency-domain low-pass filtering methods.
A nonstationary power spectral density estimator was developed to estimate the time-varying spectral charac-
teristics of a turbulent boundary layer subjected to an unsteady freestream disturbance. A discussion concerning
the choice of cutoff frequencies and digital filters is included.

Introduction

ECAUSE of the complex nature of turbulent flow, most

experimental work in this field in the past has been re-
stricted to steady (statistically stationary) turbulence. How-
ever, recent studies have begun to consider flows with time-
varying turbulence properties as well as a low-frequency com-
ponent or ensemble-average mean. De Grande et al.! describe
the data processing of turbulence measurements around os-
cillating airfoils, and De Ruyck and Hirsch? continued the
study of stalled boundary layers on a pitching airfoil. Uncer-
tainties remain in determining or defining nonstationary “mean”
velocities in these and in similar experiments, when a low-
frequency component must be separated from a time-varying
broad bandwidth high-frequency component.

Brendel* considered the effect of a pulsating freestream on
the boundary-layer behavior of a low Reynolds number airfoil
and presented time-mean and phase-locked velocity profiles.
Crouch and Saric® used a “flying” or oscillating hot wire to
study separating flows on a low Reynolds number airfoil.
Howards studied the periodic flow in a wing boundary layer
immersed in a propeller slipstream. In studies such as these,
the averaging algorithm for mean (or ensemble-average) ve-
locity values and the determination of turbulence intensities
or Reynolds stresses appear to be highly dependent on the
particular measurement situation.

It is desirable to apply a nonstationary statistical data anal-
ysis method to the study of unsteady turbulent flows, with
the purpose of establishing a consistent method for the pres-
entation of results from different tests and flow situations.
The current application is to attached boundary-layer flows,
and desired are ensemble-average velocities, turbulence in-
tensities, and spectral characteristics.

Background

Random processes may be classified as either stationary or
nonstationary.” Nonstationary data may be classified as non-
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stationary mean, nonstationary variance, nonstationary fre-
quency, and other specialized classes. A random process is
nonstationary (the most general case) when the ensemble-
averaged mean and autocorrelation function (and other en-
semble properties) vary with time. The special classes of non-
stationary data—nonstationary mean, variance, and fre-
quency—imply that the mean, variance, or frequency content
of the ensemble vary with time, but the other ensemble-
averaged properties are time invariant.

The velocity (or other parameters of interest) of a turbulent
fluid in motion can be modeled by defining the instantaneous
velocity as a sum of a nonstationary mean velocity #(f) and
a randomly fluctuating velocity u'(¢), with a zero mean

u@®) = a(®) + w'(r) M

where u(t) is the velocity in the streamwise direction. The y
and z velocity components are similarly defined. Steady tur-
bulence is defined as a fluid flow with a constant mean velocity
and a constant-variance high-frequency fluctuating velocity
component [statistically stationary in u'(t)]. Unsteady tur-
bulence for the special class of “‘nonstationary mean’ is char-
acterized as a fluid flow with a low-frequency time-dependent
mean velocity and a constant-variance fluctuating velocity
component. The challenge is to extract the nonstationary mean
velocity #(t) from the measured instantaneous velocity u(r).

Ensemble-averaging techniques may be used to determine
the properties of nonstationary data when many repeated
periodic time history records are available. For a single time
history record, special techniques must be developed that
apply to the limited classes of nonstationary data mentioned
earlier. The current application relates to experiments where
a limited number of data records are available (i.e., a statis-
tically insufficient number of sample records for pure ensem-
ble-averaging techniques to be effective). Such is the case for
a majority of unsteady experiments that depend on the use
of microcomputers for data acquisition and reduction. The
necessary high sample rates for frequency resolution of the
unsteady data limit the number of repeated records that can
be recorded. The requirement of 30 h for a single boundary-
layer traverse in the work of De Ruyck and Hirsch® under-
scores the problems in time-dependent boundary-layer stud-
ies. Other limitations, such as the time to hold a flight con-
dition in boundary-layer studies on full-scale aircraft,® place
a practical limit on the number of records that can be col-
lected.
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Fig. 1 One pulse from test case of 41 pulses; sample rate = 15 kHz.

Test Case

The sample record shown in Fig. 1 represents one velocity
time history record from an ensemble of 41 records (propeller
revolutions) taken in the boundary layer of an airfoil behind
a spinning propeller. The data were digitized at 15 kHz, and
approximately the first 700 samples are shown (for one pro-
peller revolution) out of the total of almost 30,000 samples.
The turbulent pulses are propeller blade wake passages, in
between which the flow remains more or less laminar. A
proximity transducer triggered by each revolution was used
to mark the start of each cycle for digital processing.

Ensemble-Average Velocity

The initial problem is to estimate the unknown time-varying
mean velocity from the measured instantaneous values. The
classical approach is to ensemble average at fixed time ¢, over
N pulses (propeller blade wake passages):

1 N

a(ty) = N & u(t;) 2

Samples are averaged across the ensemble (index k) at the
same time point (index /) in the time-history record. The result
of simple ensemble-averaging is shown in Fig. 2. The high-
frequency component has been greatly reduced but not elim-
inated from the low-frequency waveform. This is a qualitative
indication that insufficient samples are available for the
ensemble-averaging operation, yielding a poor estimate of the
mean velocity.

Ensemble-Averaged Velocity with Frequency-Domain Smoothing

An improved technique involves applying a computation-
ally efficient frequency-domain low-pass digital filter to the
ensemble-averaged mean velocity shown in Fig. 2. Using the
convolution theorem to accomplish the low-pass filtering, the
steps are as follows:

1) Transform the time series into the frequency domain
using the discrete Fourier transform (DFT).

2) Multiply the transformed data (now a frequency series)
by the frequency response function (magnitude characteristic)
of the desired low-pass filter to remove the high-frequency
content.

3) Then transform the data back into the time domain using
an inverse DFT.

This technique has the advantage of computational speed
over equivalent time-domain (moving-average) methods of
low-pass filtering. Note that both ensemble-average and dig-
ital filtering based on the convolution theorem are linear op-
erations. Thus, the result is independent of the order of these
two operations. Performing ensemble-averaging before low-
pass filtering, however, is more computationally efficient.
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Fig. 2 Ensemble-average of the 41 propeller pulses contained in the
test case.

Low-Pass Filter Selection

The ideal frequency-domain low-pass filter transfer func-
tion is a step function with the step occurring at the desired
cutoff frequency. The Fourier series representation of such a
unit step transfer function is given by the equation®

He) = 3 hne (3a)

n=—x

where the Fourier coefficients are given by .

h(n) = % sin n(w,) (3b)

where o is the radian frequency and w, the radian cutoff
frequency. But, in a practical application, the nonrecursive
digital filter transfer function represented by this infinite series
must be truncated to a finite number of terms. This finite-
length Fourier series representation of the ideal low-pass filter
always results in overshoots and ripples in the transfer func-
tion, as illustrated in Fig. 3a. The undesirable response of
ripples and overshoots in the frequency response function is
known as the Gibbs’ phenomenon.?

To improve the truncated series approximation of an ideal
low-pass filter, the Gibbs’ effect may be minimized through
the application of a tapering (convolving) window function®*®
to the transfer function in the frequency domain. A window
function w(n) is typically a monotonically decreasing function
and attenuates the Fourier coefficients for the higher fre-
quency terms:

h(n) = h(n)w(n) 4)

This application reduces the amplitudes of the ripples and
overshoots and smooths out the truncated transfer-function
series at the cost of widening the transition band of the filter
(Fig. 3b). The benefit of working in the frequency domain is
that multiplication in the frequency domain is equivalent to
convolution in the time domain.

The net result is an improved approximation to the ideal
filter. Through the application of a variety of smoothing win-
dows given by Harris,'? and with the variation of the number
of Fourier coefficients retained, a multitude of low-pass filter
transfer functions may be designed that give good approxi-
mations to the ideal filter with a reasonable number of Fourier
coefficients. Additionally, more advanced recursive digital
filter techniques could be applied if desired.

In this application, a very simple parabolic transfer function
was chosen for the low-pass filter and no smoothing window
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Fig. 3a Truncated Fourier series representation of an ideal filter,
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Fig. 3b Low-pass filter transfer function after application of a
smoothing window.
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Fig. 4 Parabolic transfer function of the frequency-domain smooth-
ing filter for three different cutoff frequencies.

was used. The transfer function of the low-pass filter is defined
by

H(f/f,) = max [1 - <% - J) ,0]

J=0,1,2...M (5)

where L is the integer parabola width at zero magnitude that
determines the filter cutoff frequency f, (defined at —3dB),
M is the (integer power of 2) number of data points in the
frequency series, J is the frequency bin index running from 0
to M, and H(f/f,) is the magnitude of the frequency response
parameterized by the sample rate f,. Figure 4 shows the fre-
quency response characteristics of this low-pass filter.
Results from applying 8-point (f, = 1015 Hz), 25-point (f,
= 325 Hz), and 51-point (f. = 160 Hz) low-pass filters are
shown in Figs. Sa—5c¢. By combining digital filtering with en-
semble averaging, the previously described algorithm pro-
vides an improved analysis technique for estimating the non-
stationary mean velocity when the number of sample records
in the ensemble is statistically insufficient to accomplish pure
ensemble averaging. The cutoff frequency of the digital filter
must be carefully selected, as noted later. For the current
example, propeller pulses were generated at a frequency of
40 Hz; with the a priori knowledge that spectral peaks in
transitional boundary layers lie at approximately 800 Hz and
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Fig. 5a Result of test case ensemble-averaging and smoothing with

a low-pass digital filter; cutoff frequency, 1015 Hz; sample rate, 15
kHz.
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Fig. 5b Result of test case ensemble-averaging and smoothing with

a low-pass digital filter; cutoff frequency, 325 Hz; sample rate, 15
kHz.
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Fig. 5¢ Result of test case ensemble-averaging and smoothing with

a low-pass digital filter; cutoff frequency, 160 Hz; sample rate, 15
kHz.

that most freestream energy is contained below 200 Hz,!! a
cutoff frequency between these values is desirable.

Turbulence Intensity

Turbulence intensity Tu is usually defined as the root mean
square of the fluctuating velocity component u’ normalized
by a reference constant velocity U,. For steady turbulence,
this is very similar to the statistical variance. But for nonsta-
tionary turbulence, the fluctuating velocity component may
be defined as the difference between the instantaneous ve-
locity u(t) and the local smoothed velocity i(t),...; rather than
the ensemble-averaged mean velocity. This following defi-
nition of turbulence prevents the pulse-to-pulse variations in
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the time-dependent local mean from in;orrpctly being in-
cluded in the turbulence intensity determination.
[t (t) — Bt rocal

\/l
N
Tu = — 7 (6)

Mz

Turbulence Intensity Algorithm _

The algorithm presented here differs from the classical def-
inition only in the use of low-pass frequency-domain filtering
to obtain the smoothed (local mean) velocity. Cases were run
at the same cutoff frequencies as used for the low-pass-filtered
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Fig. 6a Result of test case turbulence intensity using digital low-pass
filtering to compute local mean; cutoff frequency, 1015 Hz; sample
rate, 15 kHz.
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Fig. 6b Result of test case turbulence intensity using digital low-pass
filtering to compute local mean; cutoff frequency, 325 Hz; sample rate,
15 kHz.
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Fig. 6¢c Result of test case turbulence intensity using digital low-pass
filtering to compute local mean; cutoff frequency, 160 Hz; sample rate,
15 kHz.

ensemble-average velocity examples—at 1015, 325 and 160
Hz—and are shown in Figs. 6a—6c. These data show the time-
dependent, periodic nature of the unsteady turbulent bound-
ary layer immersed in a propeller slipstream. The values of
turbulence intensity can be seen to be much more sensitive
to the chosen value of cutoff frequency than were the
ensemble-averaged mean velocities, as would be expected. A
decrease in cutoff frequency from 325 to 160 Hz resulted in
a change in perceived turbulence intensity levels of approx-
imately 15%. The cutoff frequency must be carefully selected
by the aerodynamicist to be consistent with the chosen low-
frequency-mean empirical model and the physical nature of
the unsteady turbulent boundary layer being considered.
An alternate method could be to use Parseval’s theorem,!2
which states that the energy contained in a time-domain signal
is conserved when the signal is transformed into the frequency

~domain, as a basis for a computationally efficient, frequency-

domain-based algorithm to calculate turbulence intensity. In
this manner, a definite bandwidth of the turbulent energy can
be specified. Bradshaw!? discusses requirements for the filter
bandwidth in spectral analysis.

Spectral Analysis

Of interest in any type of unsteady turbulence environment
is the time-varying frequency spectra of the nonstationary
data. The spectral estimation scheme used is based on the
Welch method described by Marple.!'* This method provides
an efficient FFT-based algorithm and does not depend on the
assumption of a specific parametric model for the input data.
The basic Welch spectral estimation algorithm is based on the
second-order statistics of stationary data. Although the un-
steady turbulence data presented here are not stationary, it
is assumed that local stationarity is maintained over a short
time segment within each propeller pulse. Therefore, some
background is first provided on the Welch spectral estimation
algorithm for stationary data.

Spectral Estimation of Stationary Data

The spectral estimation algorithm developed by Welch is
based on the classical “‘segment and average” method. This
method produces a (nearly) minimum variance spectral es-
timate. The variance of the Welch PSD (power spectral den-
sity) estimator is roughly inversely proportional to the number
of overlapping segments. A large number of segments is there-
fore desirable, except that a large number of segments reduces
the frequency resolution (the discrete frequency bins) for a
given fixed quantity of data. The tradeoff is to choose an
adequate frequency resolution with the largest number of
segments possible to minimize variance in the spectral esti-
mate. At least 14 overlapping segments (with 50% overlap)
is desirable for a reasonably low variance spectral estimate.

The approach is to divide the time-history record into a
number of shorter overlapping segments, apply a tapering
window to each segment, and compute the “‘raw’” power spec-
tral density of each segment. The PSD estimate for each seg-
ment is then corrected for the tapering window bias and all
of the segments dre averaged to produce the final Welch PSD
estimate. The purpose of the tapering window function is to
minimize the frequency “leakage” effect of the Gibbs’ phe-
nomenon caused by computing a DFT of the truncated time
series.®? In general, the truncated (finite) time series fails to
contain an exact integer number of cycles in the sampled time
slice at a given frequency. Thus, individual frequency com-
ponents of the time slice are discontinuous in periodic exten-
sion and result in a broadband spectrum. The previous dis-
cussion of low-pass filters considered the use of windows applied
to the filter transfer function in the frequency domain to min-
imize the Gibbs’ effect ripples and to achieve a better ap-
proximation to an ideal filter. Here, a tapering window is
applied directly to the truncated time series to minimize Gibbs’
effect frequency leakage in the frequency spectrum. Multi-
plication of a time series by a tapering (truncating) window
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in the time domain is equivalent to convolution in the fre-
quency domain.

A window function is selected based on a tradeoff between
frequency resolution loss (main lobe width) and the amount
of leakage suppression (highest side lobe level).!* The Ham-
ming window or the three-term Blackman-Harris window!®
provides a good compromise; the Hamming spectral window
was used in the current work. An example for stationary data
is given by Johnson'?; only an example for nonstationary data
will be presented here.

Spectral Estimation of Nonstationary Data

With nonstationary data, the frequency content of the data
varies with time. The data being considered are the ensemble
of 41 records (pulses) discussed previously. The approach for
nonstationary spectral estimation is to define identical short
segments across the ensemble of pulses. A short time segment
from the first record is windowed using an appropriate ta-
pering window, and a raw PSD estimate is computed for the
segment. This estimate is taken to represent the spectrum at
the center time point of the segment. A raw PSD estimate is
computed for the corresponding short time segment in every
other record across the ensemble, and the collection is av-
eraged and corrected for the tapering window to produce the
final “instantaneous” spectral estimate for the ensemble at
the time represented by the center of the segment. Analo-
gously to averaging raw PSDs from overlapping segments in
the previous stationary case, the raw segment PSDs are en-
semble averaged to obtain a low-variance spectral estimate
for a short time segment of the ensemble. This process is
repeated for other segments, leading to the construction of
time-varying spectral characteristics of the complete propeller
pulse cycle.

An assumption implicit in this algorithm is that the data
are stationary over the short time segment. This assumption
appears reasonable, due to the large separation of frequencies
of the wake passage and the turbulence. However, the time
segment must be long enough to achieve the desired resolution
in the frequency spectrum. The short time segment should
not cross a transition point between laminar and turbulent
flow, thus violating the assumption of stationarity over the
short segment. If a segment cannot be located without in-
cluding a transition point, then the transition point should be
located near the beginning or end of the segment such that
the tapering window will minimize the effect of the nonsta-
tionary abrupt transition.

For the test case presented here, a 256-point segment was
chosen as a compromise between short segment length and
desired frequency resolution, providing 128 positive frequen-
cies in the frequency spectrum. The segment length corre-
sponds to approximately one-third of the length of an indi-
vidual pulse record, and it was in three parts that the time-
dependent flow was considered: an undisturbed regime, a
highly turbulent regime, and a recovery regime. An appli-
cation of the described algorithm was carried out by Renoud
and Howard,!¢ who defined these three flow regimes for the
case of the boundary-layer response to the flow downstream
of a spinning rod. The decision to divide the pulse into three
regimes was also related to the sampling frequency. Options
included increasing the sample rate, decreasing the segment
width to 128 points, or maintaining the 256-point segment,
but with overlapping segments. An‘increased sample rate would
allow a 256-point segment to represent a smaller time interval
and thus increase the resolution in time of the nonstationary
spectrum. The ensemble-average velocity of each individual
segment was removed to allow consideration of the turbulence
spectral characteristics. Also, the Hamming tapering window
was selected from the options available! to compute the fre-
quency spectra shown here.

The results of applying the spectral estimation algorithm to
the test case are shown in Fig. 7. The first ensemble segment
is centered on a time point that characterizes the turbulent
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Fig. 7 Spectral estimate of three ensemble segments from test case;
Hamming window, segment mean removed, sample rate 15 kHz.

flow. The second segment represents undisturbed laminar flow,
and the third a return to turbulent flow. The power level for
the laminar segment is well below the other two, illustrating
the time-dependent nature of the frequency spectra of non-
stationary data.

All of the algorithms described in this paper have been
implemented in FORTRAN source code and are available
from the second author by request.

Summary

A data analysis method was developed to allow for a con-
sistent description of flows composed of high-frequency tur-
bulence fluctuations superimposed on a low-frequency com-
ponent or ensemble-average mean velocity. A method was
outlined to characterize a boundary layer subjected to time-
dependent turbulent freestream disturbances in terms of
ensemble-average mean velocities, turbulence intensities, and
time-dependent spectral characteristics.

A nonstationary mean was determined by ensemble-aver-
aging and then frequency-domain low-pass filtering. The com-
putation time savings over the reverse operation was 75% on
a personal computer. Various low-pass filters can be imple-
mented. Cutoff frequencies can be chosen according to the
low- and high-frequency bandwidths in the experiment.

Turbulence intensities were calculated based on a local mean
using frequency-domain low-pass filtering methods. Various
digital filters with differing frequency response characteristics
can be implemented as desired.

A nonstationary (ensemble-averaging) spectral estimator
was developed based on the classical Welch periodogram al-
gorithm. The nonstationary spectral estimator was used to
estimate the time-varying spectral characteristics of the tur-
bulent boundary layer velocity data for a representative test
case.

Recommendations

The procedure discussed in this study is not intended to
provide a definitive approach to unsteady turbulence data
analysis but to promote the continued transfer of advanced
signal processing techniques to the study of complex aero-
dynamic flows. Recommendations for further work in this
field include implementation of alternate frequency-domain
low-pass filters in the smoothing algorithm to better approx-
imate the ideal low-pass filter. Also, an alternate algorithm
based on Parseval’s theorem to calculate turbulence intensity
in the frequency domain could be developed and imple-
mented. Additionaily, depending on the flow situation under
study, other empirical models of nonstationary turbulent fluid
flow could be examined using the special classes of nonsta-
tionary data suggested by Ref. 7, such as a nonstationarity in
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variance, a nonstationarity in frequency, or a three-part de-
composition

u(ty = a(t) + a() + u'(r) (8)

where #(?) is a deterministic mean, and #(¢) is a deterministic
periodic velocity component.

It is hoped that improved nonstationary statistical signal
processing methods can be applied with the goal of establish-
ing consistent and mathematically rigorous methods for ana-
lyzing results from unsteady turbulent flows.

For spectral analysis of related flows, the use of analog
bandpass filtering before digital sampling is recommended to
eliminate the strong low-frequency propeller-pulse spectrum
lines and to eliminate high-frequency noise above the range
of interest, thus removing potential errors due to data aliasing.
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